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We analyze the connections between the quark model (QM) and the description of hadrons in the 
low- momentum limit of heavy-baryon effective field theory in QCD. By using a three-flavor-index 
representation for the effective baryon fields, we show that the "nonrelativistic" constituent QM for 
baryon masses and moments is completely equivalent through 0(m s ) to a parametrization of the 
relativistic field theory in a general spin-flavor basis. The flavor and spin variables can be identified 
with those of effective valence quarks. Conversely, the spin-flavor description clarifies the structure 
and dynamical interpretation of the chiral expansion in effective field theory, and provides a direct 
, connection between the field theory and the semirelativistic models for hadrons used in successful 

dynamical calculations. This allows dynamical information to be incorporated directly into the 
chiral expansion. We find, for example, that the striking success of the additive QM for baryon 
magnetic moments is a consequence of the relative smallness of the non-additive spin-dependent 
(-H ■ corrections. 

1—5 , f2.39.Jh, f2.39.FE, f2.40.Yx, f3.40.Em 

, ! I. INTRODUCTION 

> : 

The striking success of the nonrelativistic quark model (NRQM) in explaining the main features of baryon and 
meson masses and baryon magnetic moments suggests that its success is independent of the drastic approximations 
assumed in its typical formulations. To explore this point, we have examined the connection between the quark model 
(QM) approach to baryon masses and moments, and the rigorous relativistic effective field theory approach used in 
the chiral expansion of QCD. We show here that, as noted in [jj], the QM for the static properties of baryons is simply 
a parametrization of matrix elements in the underlying relativistic field theory in a general spin-flavor basis, where 
the flavor and spin variables can be identified with those of effective valence quarks. This identification holds exactly 
through first order in the chiral symmetry breaking mass variable m s . The connection becomes clear when the chiral 
baryon fields are written in a natural form with three flavor and three spin indices. This change of basis clarifies the 
structure of the theory, including the origin of approximate SU(6) relations, and demonstrates the natural occurence 
of the QM spin-spin interaction terms in the baryon masses, and of effective quark moments in the description of the 
baryon magnetic moments . 

The change of basis also provides a direct connection between the effective field theory and semirelativistic models for 
hadrons Q used in successful dynamical calculations , and allows dynamical information to be incorporated into 
the chiral expansion. We will show, in particular, that the three-flavor-index notation allows a natural classification 
of the spin- flavor correlations that appear in general matrix elements into those arising from effective one-, two-, and 
three-body operators. This classification corresponds directly to the underlying dynamics when spin-dependent forces 
and symmetry-breaking mass terms can be treated perturbatively, as seems to be the case. For example, the usual 
additive model for the baryon moments corresponds exactly to the one-body moment operator in the effective field 
theory. The model is successful because the non-additive two- and three-body operators arise from spin-dependent 
interactions and are correspondingly small. 

The "nonrelativistic" aspects of the QM arise because the baryons are heavy, not because the dynamical quarks 
are heavy or nonrelativistic. The actual internal structure of the hadrons is absorbed into the momentum expansion 
of heavy-baryon chiral perturbation theory 0, and the quark degrees of freedom move with the baryons. If these are 
sufficiently massive, the baryons may be treated as nonrelativistic with no recoil effects in loop diagrams, and the 
"quark" kinematics of the NRQM follow. 
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As we will show in detail in a subsequent paper S , the three-flavor- index representation of the fields allows an easy 
analysis of loop corrections , and shows why the residual loop corrections to the baryon masses and moments 
H are small. This is not the result of the smallness of individual loop corrections as such, but rather of the smallness 
of terms with new, nonadditive structures that violate the Gell-Mann-Okubo relations for masses and the Okubo 
relation for moments. 

The paper is organized as follows. In Sec. |n] we develop considerable backgound material on the three-flavor-index 
representation of the baryon fields, including calculational methods. In Sec. Ill, we rewrite the chiral expansion in this 
notation, comment on its connection with dynamics, and derive the baryon-meson couplings and the octet-decuplet 
mass splitting in the limit of equal quark masses. We then analyze the baryon masses and moments to 0(m s ) in Sees. 
IV andM using the new representation and its connection with dynamical models, and present concluding remarks 



m 



Sec. 



II. EFFECTIVE FIELD THEORY IN A SPIN-FLAVOR BASIS 



A. Heavy baryon chiral perturbation theory 

If the following sections, we will formulate heavy-baryon chiral perturbation theory (HBChPT) in a spin-flavor 
basis. This allows an easy connection of HBChPT to the underlying quark structure of the hadrons. We will then 
show that the results for the baryon masses and magnetic moments, taken at leading order in the chiral symmetry 
breaking quark mass matrix, are completely equivalent to those of the naive quark model. 

It will be useful as a first step to summarize the standard results we will need on the chiral expansion. This expansion 
is usually written in terms of matrix representations for the pseudoscalar meson and octet baryon operators, 
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(2.1) 



B =iE A ' B '= I ' s " ~i s °+^ A n | . (2-2) 

where the A s are the Gell-Mann matrices of SU(3). The matrices <p an d B transform on their first and second indices 
according to the 3 and 3 representations of SU(3) respectively, that is, as octet quark-antiquark (qQ) combinations 
with 

<t>-^U<t>U\ B-^UBU^. (2.3) 

The 4>'s act as the Goldstone bosons of a broken SU(3) L ® SU(3) fi flavor symmetry |L(| . 

Because the chiral expansion is a low-momentum expansion and the baryons are relatively massive, it is convenient 
in dealing with ChPT for baryonic processes to use the heavy-baryon formalism developed in Ref. Q and extended 
to the chiral context in Ref. This has been used to study a number of hadronic properties, for example, baryon 
masses |ll] [lj| , moments |l6| |l8| , weak decays pf| , ^9||20| , and low-energy meson-baryon and electromagnetic |2l| ] 
interactions. The key ideas in heavy-baryon perturbation theory (HBPT) involve the replacement of the momentum 
p M of a nearly on-shell baryon by an on-shell momentum mov^ plus a small additional momentum k^, p — mov + fc, 
and the replacement of the baryon field operator B{x) by an velocity-dependent operator B v (x) constructed to remove 
the dependence of the Dirac equation on the large momentum mov^, 

B v {x) = jl)e ima ^ x »B{x), = 1 . (2.4) 

The velocity-dependent perturbation expansion of the redefined theory involves modified Feynman rules and an 
expansion in powers of fc/mo ]^,p+[|. Here mo is an appropriate baryonic mass, is an on-shell four velocity, and it is 
assumed that k ■ v <g; uiq. Velocity-dependent Rarita-Schwinger decuplet fields Ttf can be defined in the same manner 
[jllj. We will work in the heavy baryon limit throughout the paper, and will henceforth drop the subscript v on the 
fields B v , T v . 

For later reference, we give the flavor-symmetric chiral Lagrangian for the modified fields at leading order in the 
momentum expansion, retaining all chiral invariants in the baryon fields with at most one derivative flllfl : 
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Co = i Tr B (v ■ V)B - 6m B Tr BB + 2D Tr 5 B} + 2FTrB S» [A^, B] 

-i T p (v ■V)T ll + 5m T T M T p + C (f^A^B + BA^T") (2.5) 
+ T" S„ A w T M + i/ 2 Tr ^E^S . 

Here Sms = tub — mo and Smx = rriT — mo, "D^ = + [V^, •] is the covariant chiral derivative, S M is the spin 
operator defined in pj[ |, and I?, F, C, and 7i are strong interaction coupling constants. The vector and axial vector 
currents are given by 

v» = \ {id^ + - r 2 - + • • • , (2.6) 
^ = § - e f a^) = r 1 ^ + • • • , (2.7) 

where 

C = e**/', S = e 2l */ / =C 2 , (2.8) 
and / as 93 MeV is the pion decay constant. The currents are traceless, 

TrV„ = TrA M = 0, (2.9) 
a condition that eliminates the potential invariants (TrBS^B) (Tr A^) and (Tr T^S^T^) (Tr A v ). 



B. Effective baryon and meson fields in a spin-flavor basis 



1. The octet-baryon fields 



The two-index matrix representation of the octet baryons in Eq. (2.2) hides their three-quark structure. This makes 
it difficult to trace the flow of flavor through a process involving baryons, or to connect the chiral picture with the 
underlying quark picture. We will therefore adopt a three-index description of the flavor structure of the baryons. This 
appears at the outset to be more complicated, but a three-flavor-index notation is already standard for the decuplet 
baryons. The change in the description will allow a simple, detailed analysis of the structure of loop connections in a 
subsequent paper ||. 

We consider, in particular, representations of the baryons constructed using the "quark" field q°"* and its conjugate 
g" a to carry the flavor, spin, and color structure of the baryons. Here i £ u, d, s is the flavor index, and a € 1, 2, 3 is 
the color index, and a is a Dirac spinor index. These fields transform under the vector or diagonal subgroup SU(3)y 
of the chiral SU(3) L ® SU(3) fl as fundamental and anti-fundamental representations, respectively 

qi-^Uivqv and f» U^qv = qi'U}^ . (2-10) 

The octet baryons are easy to represent in a three-flavor-index notation even though they involve flavor and spin 
combinations of mixed symmetry in an SU(3)/Cg> SU(2) sp i„ decomposition. The key observation is that there is only 
one color-singlet combination of three anticommuting quark fields with total spin 1/2. This corresponds to a flavor 
octet. There is no flavor singlet.[] The fermionic symmetry is built in automatically in a quark-field description. We 
can therefore determine the properties of the octet baryon fields trivially by combining two quark fields in a singlet 
spin state, multiplying by a third quark field which carries the total spin, and combining the color indices in a color 
singlet. The result is an octet field B^ k 

B^ jk = \e abc qr4\r^U, (2.11) 

where we have used the charge conjugation matrix C = ij 2 j° to write B^ k as a spinor product. B^ k transforms 
under SU(3)y as 



1 The flavor-singlet and color-singlet components of 3 ® 3 ® 3 are completely antisymmetric, giving overall symmetry. There 
is no completely antisymmetric combination of three spins in 2 ® 2 <g> 2, hence no j — 1/2 flavor- and color-singlet combination 
of three quarks with the required overall antisymmetry. 
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B^^UwU^U^Bj^,. (2.12) 

As long as we are dealing with processes that do not involve color dynamics such as gluon emission or exchange, 
we can suppress the color factor (l/v6)ea6c and the color indices on the quark fields and treat the g's as commuting 
rather than anticommuting fields, with 



D 



& = & tfifti (Ci'U = 75 {ficihi) (2.i3) 



The superscript T denotes a spinor transpose. We will use this compressed notation in later sections of the paper. 
We emphasize that the transformation properties of the quark operator above determine those of the most general 



effective octet field B2 k (x). As noted later in Sec. IIIB, B^ k can be regarded more abstractly as the octet component 



ijk 



(Cj 5 ) a p i>ijk(x) of a general six-index interpolating field ip^k( x ) which can be used to calculate Green's functions in 
the low-momentum limit of QCD. Moreover, the flavor and spin correlations that appear in matrix elements calculated 
using the quark operators determine the most general structure of matrix elements expressed in terms of the effective 
fields ip or B, a fact we will use extensive ly in later sections of the paper. 



A representation similar to that in Eq. ( 2.11 ) was used by Labrenz and Sharpe |22j| in their study of quenched chiral 
perturbation theory for baryons. However, because of the presence of bosonic as well as fermionic quarks in their 
formalism for suppressing quark loops, they found it necessary to symmetrize in the last two flavor indices in Eq. 



(2.11) to eliminate a flavor-singlet component of their fields. There is no flavor singlet here, and our representation is 
correspondingly simpler. 

It is straightforward to show that 

B] lk = (2.14) 

so the quarks qi and qj must have different flavors. There is no symmetry constraint with respect to those quarks 
and qfc. The absence of any flavor- and color-singlet combination of three quarks with total spin j = 1/2 means that 
Cijk B?. k = giving the Jacobi-type identity 

Bh+Bfe+Bh^O. (2.15) 

These relations will be used extensively in later sections of the paper. 

We have normalized B^ k to correspond as follows to the octet baryons with the standard choice of baryon phases: 

B 12 i"^P, B 122 ^±n, 



(2-16) 

V2^ ^Ve^' ±Jyi2 "V2^° V6'" 



The remaining Bs can be identified with the baryons using the relations in Eqs. (2.14) and (2.15). With this 



normalization, we can sum over repeated indices in sub sequ ent equations. Finally, the three-flavor-index tensors B^ 



are related to the two-index matrix Bu defined in Eq. ( 2J2 ) by 



BZ=MiiB^ k , B? jk = ±e ijl BZ l . (2.17) 

The interpretation of the fields J5j fe can be clarified by going to the Lorentz frame in which v 1 * — (1, 0), that is, 
the rest frame of the baryon with momentum = m^v^ . Up to corrections of order k/mo, the matrix elements of 
the Dirac matrices between B's reduce in this frame to matrix elements of the 2x2 Pauli matrices, 

1 — ► 1, 7 5 ► 0, 7^ — ► 

' ' ' 1 (2.18) 

In particular, using C7 5 — > —ia 2 , we find that 

BZk — "K* («? a <^«/) % " = -75 (Qli'w) 9 fc 7 , (2-19) 

where q k is now a two-component spinor with spin index 7 G ±A. The factor in parentheses is a standard represen- 
tation of a singlet spin configuration of the spinors qi , qj . 
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We can put B^ k in a form that displays the structure of the SU(6) wave functions of the quark model by using the 
expansion of an arbitrary 2x2 matrix over the complete set of Pauli matrices, 

A-^ = \ (S y0 TrA+(a) J0 -Tr aA) (2.20) 

to rearrange the spinors to combine qi and q k in a spinor product. Choosing A 7/ g as 

A J0 = q ^(qfia 2 ) P , (2.21) 



we obtain 



B iok = -iTS [(ll^lk) q] + («7W«*) • faj) 7 ] , M J- (2-22) 



The first term in this expression is antisymmetric in the indices i, k and has those quarks in a singlet spin state. 
This term vanishes except for the A hyperon, where i, k G u, d. The second term has quarks i and k in a triplet 
spin state, is symmetric in those indices, and reproduces the expected SU(6) structure of the remaining octet baryons 
when written out in detail for a specific choice of 7. 

It is easily checked that the spin operator e>v (Tj has the expected values -3 (1) when acting on a singlet (triplet) 
configuration of two quarks, where er^ denotes the action of the Pauli matrix er on qi. Thus, 

Vi'Cj Qi i i(J 2) Qj = (cT(?i) T • (ivztrqj) = ~3qJ (^2) 1j, (2.23) 
<Tj • (Tj qj (i<7 2 ) crqj = (er ( <j;) T (ia 2 ) craiq^ = qj (ia 2 ) <rq 3 , (2.24) 

where we have used the relations 

a T (ia 2 ) = - (io-a) <r, (2.25) 

er - a = 3, and <Jict<ji = —a with an implied sum over the repeated index I in the last. 

We w ill al so need, more generally, the action of (Ji (Jk on a mixed-symmetry combination q^q". Using the expansion 
in Eq. ( [2.20] ), we can rewrite this product as 

9fe 7 9i" = I [ S v* (iJlk) + (oi) 7Q (qJ<Tiq k ) + (^2)70 (qJ^Qk) + (03)70 (Oi^Qk) }■ (2-26) 

The third term on the right hand side has the quarks in a singlet configuration. The remaining symmetrical combi- 
nations are triplets. As a consequence, 

er, - rr k q-'q" = q^q? - 2{a 2 ) la (qj a 2 q k ) , (2.27) 

where we have added and subtracted a singlet term to reproduce the original product as the first term on the right. 
We find immediately that 

(1 - ov cr fe ) q^qf* = 2 (a 2 ) la (qj a 2 q k ) = 2 (ia 2 ) la (q£ ia 2 qi ), (2.28) 

a relation we will need later. 

Alternatively, adding q^'qf to both sides of the expression in Eq. ( 2.27 ) and evaluating the right hand side explicitly, 
we find that the operator 

P lk = i(l + ov<r fc ) (2.29) 

exchanges the spin indices of quarks i and k or, alternatively, acts as the exchange operator for the flavor indices i, k 
when the order of the spin indices is kept fixed, 

^*« = «=9 fc V- (2-30) 
We note finally that the projection operator for a total spin-1/2 configuration of three quarks is 

PV2 = I (3 - OV (Tj - (Tj-(T k - a k - cr,) . (2.31) 
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2. The decuplet-baryon fields 



The decuplet baryons are represented in the SU(6) language Q by a field which is a Rarita-Schwinger spinor 
with four-vector and spinor indices /i and 7, is a completely symmetric tensor in the flavor indices k € 1,2, 3 = 
U, d, s, and is a color singlet. In particular, T transforms as the three-quark combination 



T (J.f _ 1 ( n aa nP b n lc 4- o Qa n /36 o 7c -I- n Qa o /3b n (f7V> 

V* ~W2 abc \ qi q J q k +q k q j q i + q i % 1j ) 10 7 J 

or equivalently, as the decuplet component 

p(ijk) 



a/3 



(2.32) 



(2.33) 



of the general six-index interpolating field discussed in Sec. IIIB. In particular, the transformation of TJyk under 
SU(3)y follows from Eqs. Q and 



(2.34) 



The Rarita-Schwinger constraint 7 M T M7 = reduces to v^T^ 1 = in the rest frame of the baryon. As a result, 
T^ 7 — > (0, T 7 ) in that frame, where the spatial vector T 7 is given by 



T 7 = j^e abc [(qj a ia 2 <jq)) qf + j <-> k + k «-» i] . 
Alternatively, with color suppressed, 

T7 = H73 [(iJiWlj) q^+J^k + k^i] , 
an expression which can be written as 

Here P 3 / 2 is the projection operator for total spin 3/2, 

P 3/2 = g (3 + <Tj- (Tj- + CTj - (T fc + CT fe - CTi) 

with Pjj the flavor permutation operator defined in Eq. ( 2.29| ). 

The field T 7 n = (V^ 7 , T^{J, T?{f) is normalized to the A++, with the combination 



(2.35) 



(2.36) 



(2.37) 



(2.38) 



A++ - 

^=3/2 ~V2 



1 f r l,l/2_,. T 2,l/2 

(qjia 2 a~qj) q^ 2 + j^k + k^i 



l 

3\7S 



(2.39) 
(2.40) 



acting as the annihilation operator for the A ++ state with = +3/2. Here are the usual spin raising and lowering 
operators, 

a ± = \{ax±i<y 2 ). (2.41) 

T he rem aining decuplet baryons with j z = +3/2 have the same spin structure. The replacement of Tin by T^fc in 
Eq. (2.39) gives the following connections: 



T m «->A++, T 112 HiA+, r 122 ^^A°, T 222 



Ti 



s/3- 



Tl33^^^*°, T233 <-> ^7= 3* , J 333 



P333 <-> fi" 



(2.42) 



The remaining Ts are determined by the complete symmetry in the flavor indices. 
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3. Pseudoscalar meson fields 

The effective octet pseudoscalar meson fields (f>ij correspond to quark-antiquark pairs in a singlet spin configuration, 

^ = js (^f - B «f ) (C7 5 )a/3 (2.43) 

and transform under SU(3)y as 

<kj & v = U w fof U] tj . (2.44) 

The use of this representation makes the quark flow in an interaction diagram clear. However, physical meson masses 
are customarily used in loop calculations in chiral perturbation theory so we will generally use the representation 
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<fo = \ E x y i ( 2 - 45 ) 
i=i 

instead, with 

^ = E A ^ = 7$ E A l?r?/ 6 ^ (cj 5 u. (2.46) 

Note that we will not include the flavor-singlet pseudoscalar, nominally the rf , in our later calculations. 

C. Baryon and meson propagators 

The momentum-space propagators for B, T, and <f> can be constructed fairly easily. There is an overall factor 

i/(v-k + ie), (2.47) 

for a heavy baryon with momentum = m^v^ + [0,0, and the usual factor 

i/(k 2 - M 2 + ie) (2.48) 

for a meson with momentum k 11 and mass M. The spin and flavor structures are easily determined in the quark 
representation by calculating vacuum expectation values of products of the fields and their conjugates expressed in 
terms of the g's and <f s. Thus, in a heavy baryon, 

(0| q? a qC b |0) = § (1+ ^ S ab S Vi (2.49) 

5 af} 6 ab S iH , Up — »(1,0), (2.50) 
where the quark must be taken to move with the four velocity of the baryon with 

(j-l)q = 0. (2.51) 

The results for the propagators from an intial state with flavors i, j, k and spinor and Lorentz indices 7, \x to a 
final state with flavors i' , j' , k' and indices 7', fj,' are 

B: <^ ;% ,(^)=^4,^, (2.52) 

T : iS^jffJ.^iv, k) = Pjy k 7.^ y k + ie > ( 2 - 53 ) 

cp: ^j(t) = fj ^_^ + . . (2.54) 

The projection operators for the octet and decuplet baryons are 
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pB;j'j _ pl'l pB 
r i'j'k';kji 1/2 r i'j'k';kji ! 



* i'AIV.1 



P 1 

JTllAIUI. 



i'j'k'-kji ± 3/2 ± i'j'k'-kji > 

where P1/2 and -P3/2 are the spin projection operators for spins 1/2 and 3/2, 



P 



/2 — 2 (-''"'" ^7'7 



*3/2 



i(l+ jQ (V> - <? mV - f 



7'7 



(2.55) 
(2.56) 

(2.57) 
(2.58) 



and P B and P T are flavor projection operators 



P^j'k'-,kji — g (ZSi'iSjijSk'k — 25i>j5jii5k>k + Si'iSj'kSk'j 



— Si'jdj'kSk'i + Si'kSj'jSk'i — Si'kSj'iSk'j) 

i'j'k'-kji = 6 (Si'iSj'jSk'k + Si'jSj'iSk'k + Si'iSj'kSk'j 

+ Si'jSj'kSk'i + S^kSj^S^i + Si'kSj'iSk'j) 



P T 



The projection operators have the properties 



pB-y'-r r> 
i'j'k';kji ijk 
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n7' d?' pBf't 

D i'i'k'i D k< 'i'V r i> j'k'-kj 



i'j'k';kji ijk 



-Li'j'k" 



± kji > 



'j' z' ~ i' j' k' ;kji 

pM7 pTu'l'^l 
'k'j'i' i'j'k'-kji 

where repeated indices are to be summed, both here and later. Our labelling conventions are such that 

Pjj^ = {k'j'i'^Wm^). 



(2.59) 
(2.60) 

(2.61) 
(2.62) 

(2.63) 
(2.64) 



The results for the propagators and projection operators are easy to derive using either the covariant representation 
of the heavy-baryon fields in Eqs. (2.11) and (2.32), or the rest-frame representations in Eqs. ( 2.19| ) and ( 2.36| ) and time- 
ordered perturbation theory p4| . Because the production of baryon-antibaryon pairs (Z graphs) vanishes in the heavy- 
baryon limit, the propagator factor 1/v • k is equivalent to the simple energy denominator 1/[E(uiqv + k) — E(mov)]. 
The spin projection operators are given directly by sums over intermediate spin states in the baryon rest frame, with 



P 7 7 - r) , 
r l/2 ~ "7 7' 

j-) v' ~y' \v~y lrc r / \ i 



3/2 



- — - S f f y S'-y 1 ■y 



\{a r '(i r ) 

Tr(S r 'S r ) 



7 7 



(2.65) 
(2.66) 



77 ' 



in that frame. The indices r, r' in 

P3/2 7 label the components T r7 of the spatial vector T 7 , Eq. fl2.35p . The 
projection operators in Eqs. ( 2.57 ) and ( 2.58|) are the covariant generalizations of these results. 

We will also need the projection operator that extracts the spin-1/2 component of a vector-spinor product. This is 
given by 



p r 7 ;r7 1 / \ 

-*l/2 — 3 v^r' @r J7 



3 (Sr' Sr^ry'ry , 



with 



pr 7 ;ry 
r l/2 



pr 7 ;r T _ r r 



(2.67) 



(2.68) 



These ope rators hold for an general vector-spinor product. They are equivalent to the operators P 1 / 2 and P 3 / 2 in 
Eqs. ( 2.31 ) and ( 2.38 ) for products expressed in terms of quark fields .0 



For example, 
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III. CHIRAL INTERACTIONS IN THREE-FLAVOR-INDEX FORM 



A. The chiral effective Lagrangian 



It is straightforward to rewrite the chiral Lagrangian in Eq. ( |2.5| ) in the three-flavor- i ndex notati on. T he transfor- 
mations of the fields B^ k and TV^J under general 7 s transformations implied by Eqs. ( 2.12| ) and ( [2.34 ) lead to the 
covariant derivatives 

Wjk = Wik + Va' B hk + V n' B ifk + Vkk>B? jk „ (3.1) 
2>p2$ = d»T£ + V H ,Tfi k + VjfT^ + V kk ,T^„ (3.2) 



where the Vs are the components of the vector current matrix in Eq. (2.6). The leading-order Lagrangian becomes 

Co = i (BvVB) - Sm B (BB) + 2{D + F) (BS^BA^) - A(D - F) (BS^B) 

-i (T^v-VT^) + Sm T (T^TfJ +2H (T tl S v A v T tJ ) (3.3) 
+V2C [(TM M B) + (BA^)] + \f (0 p E0"£) , 

where the bilinear invariants in this representation are defined in general as 

(3.4a) 
(3.4b) 
(3.4c) 
(3.4d) 
(3.4e) 
(3.4f) 
(3-4g) 

Here T is an arbitrary Dirac matrix, A is a scalar or vector operator, and is the Lorentz metric tensor with 
signature -2. 

The couplings in Eq. ( |3.3| ) are the same as in the matrix form of Co in Eq. (|]^). However, this Lagrangian could 
have been written down directly, with arbitrary coefficients, as the most general allowed by chiral invariance at the 
leading order in the derivative expansion. 

The expressions for Co in Eqs. fl2.5| ) and (3.3) are connected through the relations 

(BTB) = (Tr BB) a(3 T a0 , (3.5a) 

(BTBA) = (Tr BAB) af3 T af3 , (3.5b) 

(BTAB) = -\(TrBBA) ap T a p + \ (Tr A) (Tr BB) afi T af3 , (3.5c) 

[BYA^Tfj) = ± e^B^A^Tg T a0 , (3.5d) 

(££) = Tr££. (3.5e) 



(BTB) 


— R ft r D 
= n kji l ap D ijk ' 


(BTBA) 


= B^jiTapAk'kB^ , 


(BTAB) 


= BgjvTapAi'iB^f. , 


(f^TT, L ) 


rpfia p rp Vj3 

— 1 kji9^ L aflJ-ijk ' 


(f p "TA x T ll ) 


rp fia p a\ rpvQ 

— 1 kji'9fJ.v L af3sii>i 1 ijk 


(BTA^) 


= Bkji'g^TapA^T^ 


(EE) 


= Ej^Ejj . 



P 3/2 ' rl (<lk ivWrqj) q k = I {q?i<T2Vr'(lj) ?fc + § (ql ioia T qj + qficT2a r qi) (cr r cr rl q k y 
= § (gi T io- 2 cr r '(?j) + (q?i(T2cr r ,q k ) q] + (qJio 2 o r ,q k ) q 4 7 
= I (-Rj + p jfe + -Pfci) (<7; T «°"2Cvq 3 ) g 7 = P 3/2 (q t T ia 2 a r , q 3 ) q£ 



where we have used the symmetry of qi~ia2<r r qj in the first line, and have then used the relations in Eqs. (2.27) and ( 2.38) and 
the antisymmetry of qj iaiqj to reduce the result. 

3 Labrenz and Sharpe |%]] use a similar notation, but include an extra term i n their de finition of the field Bij k which is 
unnecessary in the present context. As a result their relations analogous to Eqs. (3,5b-3.5d)are more complicated. 
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The first three relations follow from Eq. (2.17). The spinor indices a and (3 refer to B and B, and t he t races on the 



right hand sides of these expressions to matrix traces with <j> and B rep resen ted as in Eqs. (2.1) and (|2.2|) . Tv = 
for the axial current so the second term on the right hand side of Eq. (3.5c) vanishes for the invariant (BS^A^B). 

While the Lagrangian above gives a chiral description of baryonic processes in the low-momentum limit, it is not 
clear how the various terms in Cq are connected to the underlying dynamical theory, and in particular, what dynamical 
relations, if any, there may be among the effective couplings. We will explore aspects of this connection in the following 
sections, and will show that the strong couplings D, F, C, and H in fact have the familiar SU(6) ratios when the 
spin-spin interactions in the dynamical theory are weak. 



B. Connection with dynamical models 

The quark picture used above appears at one level as just a calculational device for keeping track of the flavor 
and spin indices of the most general effective baryon and meson fields B^ k (x), T^(x), and c/)ij(x). However, at a 
deeper level, the hadrons are dynamical quark-gluon systems with currents and interactions defined at the quark level, 
including the symmetry-breaking quark mass terms 

qfrmq? (3.6) 

in the basic QCD Lagrangian. The matrix elements of quark-level operators in hadronic states involve averages over 
the internal structures of the hadrons, with only the spin and flavor indices of the external particles being left at the 
end to label the matrix elements. This structure of the matri x elements is simply parametrized in HBChPT through 



the effective interactions of point hadrons given in Eq. (3.3), with the couplings representing the unknown matrix 



elements. The internal quark-gluon structure of the hadrons appears only through the chiral momentum expansion. 

Dynamical models provide further information which reflects the underlying quark-gluon structure of the theory. 
To make this more explicit, we note that the gauge-invariant operators 



*ffi{xi,Xj,x k ,x) = N e a , b , c , q« a (xi) qf\x 2 ) q^ c (x 3 ) U aa ' (x 1: x)U W (x 2 , x)U cc ' (x 3 , x) (3.7) 

are possible interpolating operators for color-singlet baryonic states with spinor indices a, /?, 7 containing dynamical 
quarks with flavors i, j, k. The factors U are path-ordered integrals of the gauge potential (Wilson lines), 

U aa ' (xi,x) — P exp (i J dx^A^x)) . (3.8) 

The i's and the integration paths lie on a spacelike surface. These operators, or the operators V^jf 7 ^) obtained by 
integrating the product of ^^f 7 (xi , Xj , Xk, x) with an appropriate compact function over the Xi on the surface, can be 
used to define Green's functions for the theory and to identify the physical states [^5|. The external hadronic states 
are still characterized by their spins and the flavors of the quarks. 

It is clear that a sufficiently low-momentum probe will not be sensitive to the detailed structure of the hadron. The 
small effect on matrix elements of non-zero Xi in the interpolating field or the hadron wave function can be treated 
perturbatively in a expansion in the probe momentum around zero, that is, as a derivative expansion. A familiar 
example is given by the low-momentum expansion of the electromagnetic form factors of a composite system. 

Brambilla, Consoli, and Prosperi Q used a Green's function construction based on the operators ^' i "f 7 (^i, Xj, Xk, x) 
to derive an effective semi-relativistic Hamiltonian for heavy quarks in quenched QCD. The structure of this Hamil- 
tonian reflects the underlying dynamics, so it will be useful to write it down in part: 



H — H + — A* Si 
6vn\ 



^ 1 / n 1 " 

(r i2 x Pi)— + (r i3 x Pi) — 

r 12 r 13- 

2a 1 

Si • (ria x p 2 ) - '— — Si ■ (rig x p 3 ) + ■ • • (3.9) 

3mim3 rj 3 

+ _^_ _ [3 (Si . ~ i2)( g 2 . ~ ia) _ §i . g a] + 2a^ Stt 5 3 (ri2)Si . Sa + . 

3miTO2 ?i2 617111712 o 

where = x, — Xj, and Sj = <Tj/2. H contains the kinetic terms and a spin-independent but velocity-dependent 
interaction Vsi, 



2a s 


1 


3mim 2 


r 12 


2a s 


1 


3mim 2 


r?2 
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In Eq. (3.9) we have displayed only the spin-orbit, tensor, and spin-spin interactions for particle 1 associated with the 
exchange of gluons between pairs of quarks. The ellipsis contain additional Thomas-type spin-orbit terms associated 
with the long-range part of the potential and the remaining spin-dependent terms obtained by cyclic permutations of 
the quark labels 1, 2, 3. The full expression is given in pj. The kinematic masses that appear are to be interpreted as 
the effective masses of dressed quarks while the factors l/mirrij are more properly non-local energy operators 1/EiEj 
that smear out the short-range singularities. 

This Hamiltonian, obtained by other means and without the small velocity-dependent parts of Vsi, was used by 
Carlson, Kogut, and Pandaripande (|] and Capstick and Isgur [|| in successful fits of the observed spectra of the low- 
lying baryons with excitation energ ies u p to about 1.4 GeV. We will interpret this success as showing that the basic 



structure of the interaction in Eq. (3.9) is correct as far as its spin dependence and the relative sizes of the various 
terms are concerned. In particular, the spin-dependent terms are generally small and can be treated as perturbations 
To see the structure that might be expected in the chiral expansion, it is useful to study H in more detail starting 
in the limit in which there are no symmetry-breaking quark mass terms in the underlying Lagrangian. The effective 



masses of the quarks in Eq. (3.9) must then all be equal, and the Hamiltonian is completely symmetric in the 
three quarks. The unperturbed states defined by the spin-independent Hamiltonian Hq are independent of the spin 
structure. Hq is rotationally symmetric in the space variables, and the ground state of the system has total spatial 
angular momentum L = and a spatial wave function that is completely symmetric in the coordinates and is the 
same for all the octet and decuplet baryons. As a result, dynamical matrix elements that differ only in the baryons 
involved will be equal in the symmetrical limit up to the known effects of the spin wave functions. 

Taken together, the octet and decuplet states defined with respect to Ho, hence also the fields Bijk an d Tijk, 
determine a 56 representation of the spin-flavor SU(6) JH|.Q The symmetry is broken perturbatively in m atrix 



elements by the changes in the space and spin structure caused by the small spin-dependent interactions in Eq. (3.9) 
or other effects of short-distance gluon exchange. For example, the first-order change in the ground state energy 

associated with the spin-dependent terms is simply proportional to ^0| X)t<j ■ Sj|o\, a structure that gives an 

octet-decuplet mass difference but does not remove the mass degeneracies within the multipletsj^] While the spin- 
dependent terms in the Hamiltonian generate a nontrivial spin structure in the wave functions, this only affects the 
baryon masses and moments at second order in those interactions [|| . 

The situation changes if the quark masses are not equal. We will suppose that m u = uid = and m s =/= 0. The 
0(m s ) changes in the baryon masses are related through the Feynman-Hellman theorem |26| to matrix elements of 
the corresponding 0(m s ) changes in the Hamiltonian. These are of two types. The changes associated with the 
kinetic terms are spin independent and involve only one quark at a time, that is, involve one-body operators. Those 
associated with the "hyperfine" term Yli<j ^ • Sj are two-body operators which involve spin couplings between two 
quarks. The changes in the spin-orbit couplings potentially involve all three quarks but again only appear at second 
order in the perturbation expansion in a s and can be neglected. There are no general theorems on the O(m^) changes 
in the baryon masses. 

The results for the magnetic moments of the ground-state baryon are similar. However, there is no analog of 
the Feynman-Hellman theorem, and the observation that the moments change to first-order only through one-body 
operators depends on the approximate decoupling of the spatial and spin parts of the ground-state wave functions. 

We will show in the following sections that this general structure carries over to the matrix elements parametrized 
in the chiral expansion for baryon masses and moments. This structure is essentially kinematic. In particular, the 
three-flavor-index description of the baryon fields through the B's and T's gives the most general labeling of the flavor 
and spin content of the external baryons. Since the quark or flavor lines are continuous, both dynamically and in the 
effective field theory, the initial flavor indices can be followed through a process to determine the final flavor indices, 
including any effects of the meson field <f>. 



4 The combination of the pseudoscalar mesons (/>y and the vector meson p^. = (q" a q^ b — ^5ijq^ a q^ b ^ 8 a t would 
give a 35 of SU(6) except for the large mass difference associated with spin effects and the role of the pseudoscalars as would-be 
Goldstone bosons. The potential symmetry is further broken by quark mass differences. 

5 When the hyperfme-type interaction is properly smeared out spatially as in || rather than being treated as a delta-function 
interaction, there is a noticable shift in the octet-decuplet mass splitting in higher orders because of the different signs of the 
interaction for the two multiplets. The overall structure is not changed. 
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The correlation of initial and final spins is more complicated because quark spins can be flipped by dynamical 
interactions, and there is no continuity requirement for the spin projection associated with a given flavor line. However, 
we will show that the spin structure of the transition operators in two-baryon transitions is completely described to 
0(m s ) by the action of the identity operator, single spin operators <x, the two-body spin-spin operators <x m - er ra , and 
a spin- independent mass operator M. oc m s . 

The addition of dynamical information allows us to sharpen our conclusions. We will assume, as discussed above, 
that spin-dependent interactions are relatively unimportant in determining the structure of the ground-state baryons, 
and that an expansion in powers m s is legitimate. In the absence of spin-exchange interactions, the spin structure of 
dynamical matrix elements would be determined completely by the spins of the external baryons and the structure 
of the elementary quark-level operators involved. At leading order in the derivative expansion,^ this structure will 
be just that encompassed in the naive L — quark model, a result which will only be changed perturbatively by 
the effects of small spin-dependent interactions originating in QCD, and by quark mass effects. This suggests that 
effective field theory is essentially equivalent to the QM to order m s , an observation we will explore in detail in the 
following sections. We will, in fact, reproduce the results of the nonrelativistic QM for baryon masses and moments 
p7| in a completely relativistic context. 



C. Baryon masses in the symmetrical limit 

The mass terms in the effective baryon Lagrangian are of the standard form 

£o,m = —itib B k jiBij k + fnxT^^^.ijk 



(3.11) 



in the symmetrical limit m s = 0. For the semirelativistic Hamiltonian H in Eq. (3.9), m B =< B\H\B > and 
m,T =< T\H\T >, so these masses involve contributions from the kinetic and potential energies, including the spin- 
dependent terms. Treating the latter as perturbati ons , the first-order difference of the energies in the L — ground 
state is given simply by the spin-spin term in Eq. ( |3.9|) , but there are generally also higher order contributions from 
the other spin-dependent interactions. 

The spin-spin structure is also embedded in the chiral description. To see this, we write the original mass terms in 
the effective Lagrangian as 



Cm — —Bkji m Bijk + Tjfj i m T Ki j k 



(3.12) 



where the total m ass o perato r m is given in terms of the separate masses and the spin-1/2 and spin-3/2 projection 
operators in Eqs. (2.31) and (2.38) by 



m = m B P 1/2 +m T P 3/2 

= \ (m T + m B ) + | (m T - m B ) (over.,- + cr r a k + cr k -cr) i . 



(3.13) 



We will identify the common m ass (my + m B )/2 of the octet and decuplet with the mass mo extracted in defining 
the heavy-baryon fields in Eq. (2A). With this definition, Smx and Sm B in Eq. (3^3) are simply ±5m where dm = 
[m T - m B )/2. 

The mass term Cm with toq removed reduces to 



Cm = -Bkji Am B ijk + Tg^ Am T Ki]k 



where Am is the operator 



Am = | 5m ((Ti ■ crj +aj-<j k -\-a k -cr) i 



(3.14) 



(3.15) 



This operator has the expected form of a spin-spin interaction, and has the values ±6m in the decuplet and octet. It 
is the only chiral invariant that contributes to the octet-decuplet mass difference in the symmetrical limit. 



The spin-dependent interactions in H lead to admixtures in the wave function of components with L ik > 0, L ik -j > Pj2[- 
Because of the derivatives involved in the orbital angular momenta, the effects of these components can only appear explicitly 
through the derivative expansion. 
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The decuplet-octet mass difference is purely a QCD effect, ascribed in the semirelati vistic Hamiltonian to the spin- 
spin interaction associated with short-distance gluon exchange. The relation in Eq. ( 3.15 ) is purely kinematic, and 
includes more than just the first-order spin-spin energy. However, the dynamical calculations of Capstick and Isgur 
H show that a treatment of the mass difference in first-order perturbation theory is at least roughly correct, s o 5m 
in fact gives a measure of the strength of the spin-spin interaction and the other spin-dependent terms in Eq. ( |3.S| ). 
It is fairly weak on the scale of the terms that determine the total masses. We will therefore assume that all the 
spin-dependent interactions are small and can be treated perturbatively, an assumption consistent with the dynamical 
calculations in [Mil and 101. 



D. Quark- level meson-baryon couplings 

1. Octet-octet-meson couplings 



As a first example of a calculation in the three-flavor-index notation, we will explore the connection of the strong 
'uplings D, F, C, and TL to the axial vector interaction 

Ca = $ r^A.q? (3.16) 



in the underlying quark-level chiral Lagrangian, where is the axial current defined in Eq. (2.7). We suppose that 
there are no quark mass splittings so the theory is completely symmetric in the different quarks. We will use this 
calculation to develop methods we will need later. 

Because the quark flavor lines are continuous through a diagram and the effective fields B^ k and TM"£ completely 
specify the flavor and spin structure of the external baryons, the structure of most general spin-flavor matrix elements 
for two baryons coupled through Ca can be determined using the explicit quark-level representations of the fields 
in Eqs. (|2.1l|) and ( |2.32 ) and the dynamically allowed spin structures. The simplest spin structure is that implied 



by Eq. ( |3.16[ ), in which the spin on a quark line changes only because of the coupling to the axial current. This 
structure can be changed in the symmetrical limit by spin-dependent interactions within the baryons as discussed in 
connection with the baryon magnetic moments in Sec. M. We expect the effective two-body operators introduced by 
these interactions to be small, and will not consider them here. 

The dynamical parts of the matrix elements can only be calculated using the underlying theory, but appear simply 
as unknown constants multiplying the independent spin-flavor matrix elements. Again, in the symmetrical limit, 
these constants will be equal for all baryons up to the perturbative effects of the spin-dependent interactions between 
quarks. 



We will calculate the matrix elements of the quark-level axial interaction in Eq. (3.16) in the baryon rest frame 
where -f^^A^ — > (0, — <x- A).[] Treating the quarks as non-interacting and suppressing the color indices, the spin-flavor 
matrix element for the octet baryon-meson interaction is then 

(Wl i-% °- Kp> %>) \UW = (0 \B/ fk , (~q P a- A pp , q p ,) B^J o) P*% kji 

= -\° \ B A'k> 7f [fecr) A - A pn (q m i<T 2 qJ) 

+Qn (q P i(TCT2qf)-A pm (3.17) 
-q* {q p icra 2 qJ n )-A p i\ \0) P^ kji . 

We have inserted an apparently unnecessary rest-frame octet projection operator Pif r ^kji = ^^i^Unn-kji ^ or ^ & ^ ev 
convenience. 

The first term in the factor in square brackets has the spin operator er acting on the odd quark, with the other 
two quarks in a singlet spin state. This involves the pure octet structure Bj ml (cr) 7 /> ■ A pn . The remaining two 
terms have the paired quarks in a triplet spin state, and involve both octet and decuplet contributions. These can be 



7 It is possible to carry out the calculation completely in covariant notation, as we have also done. However, the ostensibly 
noncovariant treatment above is considerably simpler and and more transparent with respect to the operations involving 
projections and quark interchanges. The final result is covariant. 
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isola ted w ithout calculating the final matrix element by using the projection operators P 1 / 2 and P 3 / 2 in Eqs. (2.31) 
and ( 2.38 ). Thus, acting on the second term with P 1 ' 2 {lnp), we find that 



P 1/2 (lnp) A-q, 



^Hn \1p lcT Vl1l J'Ar, 



[l{l-a p -a l ) + i(l-ovO + K 1 



1 / 5A' 
3 y^pnl 



B 



y 

lap 



Jrs -pm 

(cr)\>\ - A p 



(3.18) 



where we have noted that (1 — cr p ■ cri) annihilates the original triplet combination of the quarks q p and qi, and 
have used the result in Eq. ( 2.28) ) to evaluate the effects of the remaining terms in P 1 / 2 {lnp). Thus, the operator 
(1 — «Tf <r„) regroups qi and q n into the singlet combination which appears in B and leaves the Pauli matrix cr acting 
only on the odd quark, that is, directly on the overall spinor index of B^ nl . A similar result holds for the the action 
of (1 - cr n - a-p). 

Upon combining all terms we find that 

(-f'k'j'i'\ - q p cr- A pp , q p >\ijkj) = 



B pml^-pn + 3 {^Bpnl ^Inj^j ^-pm 



1 / ni' 
3 y^pn 

_pB;j'X 

i'j'fe';; 
1 ( pB- n '\' 

3 yi'j'k'-p 



B: 



(ct)a'a| 0) P^ kji 



_ pB;7 A' a _ 1 ( pB;j'\ 
r i'j'k';pml- n -P'n 3 I r UM 



prvm ' i' j ' k' ;mnp 



i'j'k'\pnl ' 



pB;Y\' 
i' j' k' ;lnp 



-prn 



(3.19) 



(3.20) 



where P s is the octet projection operator in Eq. (2.55). To convert this expression into an effective baryon-level 
operator, we multiply on the left and right by B^,j, ir and B^ k , respectively, sum over the indices, and use the 
projection property of P B given in Eq. (2.61). The resulting operator reproduces the matrix element above when 
used instead of the quark- level operator qicr- Aw qi'^ Finally, multiplying by the unknown dynamical matrix element 
(3 at the vertex and relabeling indices, we obtain the effective baryon-level interaction 



C'BBM = —PBk'jiCr-Ak'kBijk 

— \P (Bj>ki + Bikji) cr -Aj/jBijk 
+ (Bi>kj + Bjki>) er-Ai'iBijk 



(3.21) 



where <x now appears in a spinor product. The last two terms can be combined if desired by using the symmmctrics 
of the P's and relabeling the summation indices. 

To connect Cbbm to the standard matrix form of HBChPT, we use the Jacobi-like identity in Eq. ( 2.15 ) and the 
identitvn 



Bi'jkBijk 



— R R 

2 i f jk^kji 



(3.22) 



to rewrite the last term in Eq. ( |3.2l| ) as 

{Bi'kj + Bjki') Bijk = —2Bi>jk Bijk + Bkji' Syfe = — -Bj'ifc Bkji + Bkji> B^k, (3.23) 

a form to which Eqs. ( 3.5b| ) and ( |3.5c ) are applicable. The next-to-last term is treated similarly. The final result is 

Cbbm = 2/3 [ Tr B{ S^, B } + § B[S^,B ] ] , (3.24) 



8 Had we not written Bkji in Eq. (3.17) as B nm iP l 



imn-,kjii the equation analogous to ( 3.20 ) would contain only one projection 
operator rather than the two obtained when calculating matrix elements of Cbbm, Eq. (3.21) below, using the general relation 
(k' j' i'\BOB\ijk) = P^/ fe /. n / m / ; /Oi' m 'n';nm(P!mn;fcji- It can he shown that the results are equivalent, though this is not 
immediately obvious. 

9 To prove this identity, we rewrite the product Bii^Bij^ as B^ j k ( — Bjki — B ki j) — Biij k B k ji — Bi' k jBi k j by using Eq. (2.15) 
and the symmetries of the B's. After a reiabefing of the summed indices, the fast term is identicai to the feft hand side up to 
its sign, and the result foifows. 
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where we have u sed t he correspondence — er-A = 25 M A„ to put the expression in the standard covariant form. 



Comparing Eqs. ( 3.24 ) and ([2J5I), we see that the quark-level description gives the specific values 



D = p, 



F=l(3, 



for the couplings D and F. These couplings automatically have the SU(6) ratio F/D 
We can also rewrite Cbbm in the expected form of a sum of one-body operators, 



2/3. 



£>BBM = —ft Bk'ji (<T- A 



Ik'k 



B, 



ijk 



B kjH (cr- A) 



B 



ijk 



B 



kji' 



i J k 



(3.25) 



(3.26) 



where the single-quark spin operator cr can be tak en to act on either the final or initial quark. The first alternative 
leads directly to the expression for Cbbm m Eq. ( |3.21 ) when evaluated as above. The second gives an expression 
related to the first by the symmetries of the -B's. 
Cbbm is similarly given in covariant form byP 7 ] 



C 



BBM 



B k > 3l B ijk + B kjH (S^) B m + B kjV (5%*).,. B 



ijk 



(3.27) 



an expression that makes it clear that we are dealing with a relativistic effective field theory. The basic structure of 
Cbbm as a symmetrical sum of individual quark-quark-meson interactions is also clear here, but is not clear in the 
usual expression in Eq. ( 3.24 ). This is a distinct advantage of the three- flavor- index representation for the fields. 

We conclude this section by noting that spin exchange interactions within the baryons change the correlations 
betwe en the initial and final quark spins and introduce effective couplings in which the operator (cr k - A.).,, in Eq. 
(|3.26 ) is replaced by (<Tj+<Xj)- A k > k , and similarly for the other terms. Matrix elements calculated with these operators 
have F/D ratios different from 2/3 and therefore change the overall F/D ratio, but by an amount we would expect 
to be small. 



2. Octet-decuplet and decuplet-decuplet couplings 

We can obtain the octet-decuplet interaction in a similar fashion starting from the expression in Eq. ( [3.17 ) . The first 
term has a pure octet structure so does not connect to final decuplet states. We can extract the decuplet comp onents 
of the remaining two terms using the spin-3/2 projection operator P 3 / 2 . Thus, using the relation in Eq. (2.37), 

pV2 7f [ 9n {% ^ 9t) ■ A p™ - 9n {% i<r*2 €) -A pl ]=V2 (T„ A mp • A pl - T n A pi • A pl ) (3.28) 
and we find that 

[0| (-q P cr- A pp ,q p .) B^ k |o) = -2^2 P^^.^AmP^^, (3.29) 



where we have used the symmetries of the projection operators to combine terms. Taking a scalar product with Ty^y 
on the left, multiplying on the right by Bj fe , and summing over the indices using the properties of the projection 
operators, we obtain the baryon- level effective coupling 



i7 

-ijk 



C T bm = -2V2P* ('IV-A,, B^ k + B k j V A,,-T,; 

= 2V2f3> (fgj, A,,,, B? jk + Bfa, T$) , (3.30) 



10 The structure for Cbbm in Eq. (3.27) can be obtained directly in a standard chiral calculation at the baryon level by 
determining how the original kinetic term iB @B for the effective fields changes when the effects of the Goldstone bosons are 

g_.12[ ), with U now a spacetime-dependent 7 5 
36f) starting from the kinetic term — iT ^ glT^. 

(3.30), since 



removed [|L0|]. The relevant transformation property of the B's is given in E' 
transformation. A similar calculation determines the form of Cttm in Eq. t\ 

This procedure hides the connection of the results to the quark- level axial current A^, and fails for Ctbm, Eq 
there is no mixed T, B kinetic term. While the result above is not surprising, manipulations of the type used to obtain it are 
needed more generally to actually evaluate matrix elements in the three-flavor-index notation. 
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where we have inserted the unknown dyn amical matrix element /3' and added the T — > B terms. This is of the form 
of the standard coupling given in Eq. (3.3) with C = —2/3'. As discussed above, we expect that (3' = up to the small 
corrections induced by the spin-dependent interactions between quarks, a result that goes beyond standard chiral 



symmetry arguments. 10 



We can obtain the effective decuplet-decuplet-meson interaction by a similar calculation, but with some further 
subtleties. We begin with the decuplet matrix element of the quark-level axial current evaluated in the ba ryon rest 
frame, q P 4^pp' J 5 Qp' ^ (0, — q p <x- A pp /g p /). Inserting a factor of the decuplet projection operator of Eq. ( 2.5 5| ) for 
convenience and treating the quarks as free, we obtain 



| T^ k , q p a-A pp ,q p , fll | 0) = (0 | T^ k , ^ [(q p <x- A pn f (q m a s ia 2 q?) 

+ q^{q p (T-Ap m (J s i(j2q^) (3.31) 
+ t (q p *-A pl a s ia 2 q£) + ' ' '] I 0) 1)',:X, , 

where T 7 " 1 is the r component of T 7 . The term s in e llipsis have the same structure, with n «-> m and m <-» I. Applying 
the spin-3/2 projection operator P 3 / 2 in Eq. (2.38) to the factor in square brackets and rearranging terms, we find 
that 

- (° I T l'j'k' q P <7-A p p"lp' T r k ]i I O) = (0 | Tfy'y ^ (q p (T-A pn ) X (qrnVsi^q?) 

+ q p (q m er-A pn cr s ia 2 qi T ) (3.32) 
+ q p (qi cr-A pn a s ia 2 q^) + ■ ■ ■] | 0) Pf^ji > 
where the terms in ellipsis now involve the interchanges p <-> m and p <-> I. This is simply the relation 



| T^ k , q p a-A ppl q p , 2$ | O) = - (o | T^ k , (cr p + a m + a^A^ | o) P™$> 

0\T?X, T„t,2J.A m |0\p ; TsA;r7 



i'j'k' ± pml iJ '^-pn I u / r lmn;kji ) 

where J is the total angular momentum operator of the spin-3/2 system taken to act on T, TJ = (JT). 

We can evaluat e thi s expression explicitly by using the relation cr-Aa s = A s + ie ss >t<Js'A t and combining the last 
two terms in Eq. (3.32). The singlet pieces proportional to A s cancel with the result that, including the permutations, 

| T^' k , q p a-A pp ,q p , 1*7. | o) P™£» = - (o | T^ k , [( <r) yy A pn 6 s , s 

+l e ss , t Sy X A pn ] \0)Pfc£j£ (3.33) 
_ _pTrVi»'V / a x, +? v ,.A t \p TsX ' r ~< 

~ r i'j'k'-pml X" ^-pnUs's T l>t S s't ^ P n) r lmn;kji- 

The effective interaction 

Cttm = -0" T^,]i {cr-A pn 5 r , r + ie rr > t ^yk^t'i)^^ T [jk 

= -0" T Wji ■ (o-A k , k ) T ijk + iT k ,ji ■ A Wk x T ljk (3.34) 
= -0" T klji ■ (23 ■ A) k , k T ijk (3.35) 

gives the same kinematic structure, with 0" rs /3 the dynamical matrix element. The action of J on a vector-spinor 
operator has the standard definition e • S + ex where S = i<r acts only on the spinor index. 
In covariant form, 

Cttm = -20'%J U A U T^ = -f^S v A v T» - ie^ vX v a f^A v T x . (3.36) 

We can also obtain this result directly from stand ard ch iral field theory arguments with the T"s treated as elementary 
fields with the transformation properties in Eq. (2. 34), 10 but with the loss of the simple connection to dynamical 
models. 

The decuplet-decuplet-meson coupling is usually stated in terms if S v A v instead of J h ' A v as in Eq. (3.3), 

C TTM = 2n%S u A v T^. (3.37) 
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The two forms are connected by the Wigner-Eckart theorem applied to the corresponding rest-frame expressions. In 
particular, (S • A) = | (J • A) for angular- momentum-3/2 states, a result that can be c hecke d dir ectly but does not 



arise from an obvious identity for the fields. Using this result and comparing Eqs. fl3.36| ) and ( |3 . 3 7[ ) , we see that they 
are equivalent, with TL = —3/3". 



If spin-spin interactions are small as in the dynamical models discussed in Sec. [II B, /3" ~ f3' ~ (3 in the symm etrica l 
l imit, extra two- body contributions of the type discussed in Sec. |v| are also smal l, a nd the results in Eqs. ( 3.27 ), 



( 3.30 ), and ( |3.36 ) reproduce the complete set of SU(6) coupling ratios for Co, Eq. (|3.3|), 



F=lD, C = -2D, H = -3D. (3.38) 

Here D = (3 is the common dynamical matrix element. Given the smallness of the spin-dependent interactions, the 
validity of the SU(6) coupling ratios for the ground-state baryons becomes a dynamical prediction rather than an 
input assumption. The dynamical matrix elements (3, f3' and f3" will actually differ somewhat because of the small 
differences in the octet and decuplet wave functions induced by the spin-spin interactions, an effect which exists even 
in the symmetrical limit of QCD, and will also change in 0(rn s ) because of symmetry-breaking quark mass effects. 
The coupling ratios will be further upset by the small contributions of two- and three-body operators. We will not 
consider these changes here. 

IV. CHIRAL SYMMETRY BREAKING: BARYON MASSES AT 0(M S ) 

A. One-body operators: 0(m s ) mass insertions 

At the quark level, the symmetry-breaking mass terms in the chiral Lagrangian are of the one-body form 

C m = -m s q t a (M + + M-^jwq?, (4.1) 
where repeated indices are to be summed. The flavor matrices are defined as 

M% = ±(£tM£t±£M£)«,, (4.2) 

where M is the diagonal matrix 

M = diag(0, 0, 1). (4.3) 



The matrix elements of 7 vanish in the heavy-baryon limit, and the 7 term in Eq. (4.1) can therefore be dropped 



In the abse nce of spin -dependent interactions, we can again use the explicit free-quark representations of the fields 



in Eqs. ( 2.11 ) and ( 2.32 ) to determine the most general spin- flavor matrix element for baryons coupled through C n 
We treat the meson fields in the factors £ and ^ as elementary. Thus, suppressing the color indices, the spin-flavor 
matrix element for the octet baryons is 

<W; fc , B^\0) = -m s {o\Bj' j/k , ? P M+, V B^\o) P%% kji 

ml ■Mji'n Plmn-kji (^) 



\ i'j'k'\n' 



pB;-f'\ j>+ pB;A7 pB:~f'\ «y+ pB;\f 

' i'j'k'-.nm'l ' H'l lmn;kji ' i'j'k';nml' J l l'l lmn;kji I ' 



where we have inserted an extra octet projection operator P B , Eq. ( 2.55| ), in the initial matrix element for symmetry. 



Multiplying as before on the left and right by B^,-,^ and B^ k , respectively, summing over the indices, and using the 
projection property of P B given in Eq. ( |2.6l| ), we obtain an effective operator that reproduces the matrix element 
above when used instead of the quark- level operator qiMt,qi', 



C 1 



Mt, k B^ k + Myj B^ k + B^, B? jk ) . (4.5) 



Here a m is the unknown dynamical matrix element, with the factor of m s absorbed. This effective interaction has an 
obvious one-body structure. 

After a similar calculation, we find the effective 0(m s ) one-body mass operator for the decuplet baryons, 
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c 1 



3a' 



t« A/f+ T 7 
y^k'ji jvl k'k 1 n;ijk ' 

1 k'ji Jvi k'k 1 fi-ijk- 



1 kj'i 



M 



+ y>7 
j'j n;ijk 



rpP-1 
± kji' 



(4.6) 



We could, of course, have written these operators down directly as possible 0(m s ) baryon-level chiral invariants 
without the calculations above. Howeve r, th e structure of these operators follows directly from the the structure of 
the quark-level chiral mass term in Eq. (4.1) and the continuity of flavor lines through the actual dynamical process, 
assuming no spin exchange. The invariants above are in fact the only 0(m s ) mass invariants with the one-body 
structure. Furthermore, from the connection to dynamical models, we expect the octet and decuplet matrix elements 
a m and a' m to be equal in the symmetrical limit m s = except for small spin effects. We will henceforth assume this 
equality. 



The situation is much less clear if we rewrite t he oc tet op erato r in Eq. (4.5) in the standard matrix form using the 
definitions in Eq. ( [2.17 ) or the relations in Eqs. ( 3.5b| ) and ( 3.5c ). This gives 



Tr B[M + , B] - a m (Tr Al + ) (Tr 55) 



(4.7) 



The simple connection to the one-body structure is lost. Comparing this result with the most general 0(m s ) mass 
corrections to the heavy-baryon Lagrangian [ pTp^ ] , 



r 



2b D Tr B{M + , B} + 2b F Tr B[M + , B] + 2cT fl M + T fi 
+2a (Tr M + ) (Tr BB) + 2aTr (M + ) (T^T p ), 



(4.8) 



we see that the one-body mass insertions give a specific octet structure with an F-type mass term with 2b p = — a m , 
a related c-type term with 2a = —a m , and no D-type contribution. The decuplet terms have 2c = 3a' m ~ 3a m , and 
<T = 0. The use of the quark-level picture with its connection to dynamics provides extra information. Any further 
contributions to C ms must come from two- or three-body operators. 



B. Two-body operators: 0(m s ) spin-spin interactions 



The only two-body operators of order m s are of the spin-spin type as suggested by the semirelativistic dynamical 
model in Sec. IIIB. In a chiral theory in the heavy baryon limit, the only quark-level spin-spin operator has the form 

°" = I X! : & aM PP' 9p' ) ' (ft- °"9r) : (4.9) 



in the baryon rest frame, where, from Eq. ( 2.18j ), the cr n ■ cti structure can arise from either axial vector or Pauli 
couplings, (7 p 7 5 )n(7^t7 5 ); or (cr ,J ' u ) n (a^)i. We treat the quark fields as normal-ordered to eliminate effective one-body 
operators. 

The matrix elements of this scalar operator do not connect octet and decuplet states. They reduce in octet baryon 
states, expressed in terms of the baryon fields, to 



1^0..^. 1 0) =(01^ 



B nmp °v ' ( a m + & n) + B^ pl (T p - (<T„ + <T ; ) M pm 

+B p x ml a p - (a t + a m ) M+ n } \ 0) P*% kji . (4.10) 

The last term vanishes because quarks I and m are in a singlet spin state. We can determine th e act ion of the remaining 
spin operators on B by using their connection to the permutation operators P n i given in Eq. (2.2S), cr p cr r — 2P rs — 1. 
With this identification, 

I B^' °" B kn I °) = 2 (° I B ^k- I (B p x mn + §£ pm B* mv )M% -(!«-> m)| o) P^ kji 



-2 | B] yh , [ (4B^_ - 2B; mn )Mt l \ ) P^7 kji (4.11) 



-2 ( 4P B; , 7 ' A - 2P B;7 ' A ^ M + P 

\ i'j'k ,nmp i j k \pmn J pi I 



pi lmn;kji> 



where we have used the antisymmetry of B nm i and i^n-fcii m 171 ano - a relabeling of the summation indices to 
combine terms. 

The baryon-lcvcl effective interaction that yields this matrix element is 
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= -2a ss (AB k]l ,M+, t B ljk ~ 2B Vjk Mf, i B iik ) 
= —2a ss (ABkji>M. J [, i Bijk — Bk'jiM k , k Bij k ) , 



(4.12) 



where we have used the relation in Eq. ( |3.22|) and a relabeling of indices in writin g the secon d line. a ss is the 0(m s ) 
dynamical matrix element. In this form, we can use the relations in Eqs. ( 3.5b| ) and (3.5c) to write Cf s in matrix 
form, with the result 



Cf„ = 3a ss TrB{M + ,B} - a ss Tr B[M + , B] - 4a ss (Tr M + )(Tr BB) . (4.13) 

The first two terms have the standard form in Eq. ( |4.8| ), with 26 q = 3a ss and 26 p — —a ss . The final term is again a 
a term with a specified coefficient. 

The contributions of the two-body spin-spin interaction to the decuplet mass operator are relatively simple. Each 
of the quark pairs is in a triplet spin configuration with cr r - a s = 1, and the fields T/„ m are completely symmetric in 
the indices I, m, n. As a result, following the structure in Eq. ( 4.11 ), 



I T[, l k , O ss T% | 0) = 2 (0 | T^ k , T^ mp M pl + (I <- m) + (I <- n) | 



Tr'-f';sA 



fi P 1 



i'j'k'^nmp •^ / ^pl ^*lmn;kji 



The corresponding effective interaction is 



§u'ss T k>jiMk'kTl jk 



(4.14) 



(4.15) 



We expect that a' ss ~ a ss , a relation that would be an equality in leading order in the spin-spin interactions, but 
which is only approximate when higher-order effects are included Q . 

The only three-body spin-spin interactions have the structures of a" s cri- (TjA4 k , k and its permutations. These terms 
arise from changes in the i, j spin-spin matrix element caused by a non-zero mass correction for the third quark k. 
However, by adding and subtracting operators a" s (<Xi + <jj)- Ck-M k , k of the type considered above, we obtain as the 
only new structure 



a" s (<Ti ■ aj + <Tj ■ cr k + cr k ■ <Ti) M 



k'k 



(4.16) 



The spin factor has the value —3 (+3) on the octet (decuplet) states, leaving just the structure of a one-body quark 
mass correction. Thus, including both contributions and taking a" s the same for the decuplet and octet, a reason able 
appr oxim ation, the only effect of the a" c <7Y crj M.tn. t erm is to change the effective values of a m and a' m in Eqs. (4.5) 
and (4.6), and of a ss and a' ss in Eq. ( 4.12 ) and ( 4.15|) to 



a,. 



3a' 



a' 



3a" 



(4.17) 
(4.18) 



C. Baryon masses and the quark model 



The complete expression for the baryon mass Lagrangian obtained by combining the terms in Sees. Ill C , IV A, and 
is 



IV B 



Cm — £ 



C 



M 



where, to leading order in the derivative expansion of HBChPT and to 0(m s ), 



C 



M 



5m Bun B 



i,ji J -Hjk <*m f-^fc'.;.' - vl /,',< J -'i;,i, • ■'■'/.;'/•" ,;. ! J -'i,,i' 



BZ^MT lh B. 



>7 



BZ,: Ml; B?., + BJ,., M 



-2a ss (AB^, M+ Bfo - Bfa M + k B^ 

[ 5m - (a m + 4<S SS ) TrA^ + ] Tr BB 

-(a m + & ss ) r TrB[M + , B] + 3a ss Tr B{M + , B] 



(4.19) 



(4.20) 
(4.21) 



and 
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£m = Sm T mijk + 3(a' m - 2a' 8S )T£] i M+ h T^ k . (4.22) 



We note that the term proportional to TrM + in the matrix expression in Eq. ( 4.21 ) has the form of a octet mass 
term when taken to leading order in t he meson fields so that Ti\M + — > 1. While this contribution can be eliminated 
by redefining m and 8m in Eq. ( |3.13| ), P1 as has been done implicitly in making numerical fits to hadron masses, for 
example, in Q], that procedure hides the simple connection of our results to the underlying quark structure. 

Comparing our expressions for and £^ with the form of the 0(m s ) mass terms given in Eq. (4.8) p] , p^| , we 
see that the two forms are completely equivalent, with 



ss I ' 



2b F = -a m - a ss - 2q" s , 2bo = 3(a s < 
2c = 3a' m -6a' ss -3a" s , 2a = -(a m + 4a ss - a" s ), 2ct = 0. (4.23) 

However, the quark description has the advantage that the various contributions have direct physical interpretations 
in terms of the underlying dynamics. In particular, the bp and a mass terms arise entirely from spin-spin interactions 
or correlations, while the bp and c terms also involve direct quark mass corrections to the main, spin-independent 
part of the energy. 

To see that this interpretation is reasonable as far as the sizes of the terms are concerned, we can evaluate the 
parameters using the results of a direct fit to the baryon masses. Assuming that the relations a' m « a m and a' ss « a ss 
can be treated as equalities, we find that 8m — 146.5 MeV, a m — a' m — 178.4 MeV, a ss — a' ss — 17.1 MeV, and 
q" s = —2.9 MeV, with a mean deviation of the fit from the experimental masses of 3.1 MeV. The spin-independent 
mass corrections have the sign and general magnitude expected for the replacement of a light quark by a strange quark. 
The main two-body spin-spin term 8m has a similar magnitude, and the sign corresponding to the expected color 
spin-spin interaction, repulsive in the decuplet states. The mass correction a ss to the spin-spin term is substantially 



smaller as is expected for a short-range QCD interaction of the type in Eq. (3.9), has the expected sign, and are also 
larger than the three-body term a" s . These smaller terms are sensitive numerically to the validity of the approximation 
a m = a' m , but the relative magnitudes are stable. The individual contributions can only be separated completely 
using further dynamical input. 

The structure of these results is exactly that assumed in the nonrelativistic constituent quark model p7j . The 
free, but off-shell, quarks used in the description of the B's and T's act in effect like nonrelativistic constituent 
quarks with small momenta inside the heavy baryon. However, we would reemphasize that we are actually dealing 
with a relativistic effective field theory in the heavy-baryon limit. The three- flavor- index "quark" representation of 
the baryons describes all the possible spin and flavor correlations in the relativistic matrix elements. The internal 
momentum structure of the baryons only appears explicitly with higher terms in the momentum expansion. The spin 
correlations can be connected directly to the underlying dynamics when spin-dependent forces are weak, an important 
point for interpretation and applications as we will show in a subsequent paper on meson loop corrections. 

V. BARYON MAGNETIC MOMENTS AT 0(M S ) 

To complete our discussion of the connection between relativistic HBChPT and the quark model, we will sketch 
the parametrization of the baryon magnetic moments. The relevant calculational procedures have all been developed 
above. 

A. One-body operators 

The interaction Lagrangian for a quark magnetic moment in an external electromagnetic field is proportional to 
the operator 



n In general, we can incorporate the vacuum expectation value of Tr.M + with respect to the meson fields into tub, redefine 
mo and 8m as 

m -> m + §(a m + 4a" s ) (0 \TrM + \0) , 8m -> 8m - §(a m + 4a" s ) (0 \TrM + \ 0) , 



and replace TrM + in Eq. fl4.2Cp by TrX+ - (0 |Tr7W + | 0), a form that is 0{(j) 2 ) in the meson field. 
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2 Qp ® ~F\v Qp 



(5.1) 



where Q is the diagonal quark charge matrix, Q = diag(2/3, —1/3, —1/3). We can determine t he ma trix elements of 
this operator in the absence of multibody spin-dependent interactions using the results of Sec. HID. Thus, working 
in the baryon rest frame where | a F\ v — > (0, — cr-B) with B is the magnetic field, we fi nd the same structure as 
in Sec. HID 1 with the axial current A replaced by QB. We therefore find from Eq. (3.21) that the one-body octet 
moment interactions are given by the effective Lagrangian 



^lx,BB = Ml [Bk'ji Qk'k CT Bijk 

' (B 



; \^j'ki + Bikji) Qj'j CT Bijk + 3 \ D i'kj 



Bi'kj + Bj k i>) Qi'i cr Bijk ] ' B 



(5.2) 



Ml ( 3 Bk'ji Qk'k CT Bijk — 3 Bkj'i Qj'j CT Bijk ) ■ B. 



The dynamical matrix element [i± is changed in first order by the symmetry-breaking mass of the interacting quark 
through a second one-body operator 



5 ft' ^ UF ^ (QM)i'iQi> 



(5.3) 



where M — diag(0, 0, 1). Since MQ = QM, the operators in Eqs. (5.1) and (5.3) are the only one-body operators. 
These have the same spin structure and combine in the total matrix element to give the effective interaction 



C 



Here \x is the matrix 



h,bb — B = (| B^ji [i-k'k cr B^ — | Bkj'i Hj'j cr B^k) ■ B. 



/i = fii Q + [i2 QM, 



and fi is the effective baryon magnetic moment operator corresponding to the interaction Hamiltonian TL^^bb 
This structure generalizes in an arbitrary Lorentz frame to 



£-t±,BB = — ( | Bk'ji (J-k'k v Xv B^k — \ Bkj'i fJ'j'j <r Xv B^k 



F 



Xv 



(5.4) 

(5.5) 
fiB. 

(5.6) 



We can put this H p% bb m matrix form by using the relations in Eqs. ( |5.5| ), ( |3.5b| ) and ( |3.5c ), with the result 

C^bb = (iTrB li<t Xu B + iTr Bcr Xv Bfi - ±Tr^ Tr Ba Xv B ) F Xv (5.7) 
= IH ( | Tr B Q <j Xv B + \ Tr Ba Xv BQ) F\ v 

+fi 2 (ITyBMQ<j Xi 'B+\TyB(j Xi 'BMQ-\Tt:MQTyB<j Xv B)Fxvi (5.8) 

where we have used TrQ = 0. Th e line in this equation with the prefactor \i\ has the same form as the octet- 
octet-meson coupling in Sec. Ill D 1 and can be identified with the Coleman-Glashow form for the moment operator 



(fi D Tr B{Q, a Xv B} + fi F TvB[Q, a Xv B]) F Xv 



(5.9) 



for the SU(6)-symmetric choice of parameters (e/2mjv)/i£> = Hi, (e/2m,N)fiF = 2yui/3, or [If/^d = 2/3. The 
r ema ining terms give the quark-mass corrections to the one-body moment operator. The complete expression in Eq. 
(5.7) is exactly that obtained in the simple additive quark model M. Two- and three-body effects lead to small 
deviations from this result as we will show later. 

We can also obtain the one-body contributions to the decuplet-octet transition moments and the decuplet magnetic 
moments from the results in Sec. Ill D. Thus, following the calculations that lead to Eq. ( 3.30| ), we obtain the magnetic 
transition operator 



C 



H.TB 



2V2 (t^., ^b: 



ijk 



Bfrji' Wi'^ijk ) 

= — ^2 [Tj.kjy Hi'i B^ k + Bfrji' Mi'i Tj.ijk 



B 

e uaXp F aX v p , 



(5.10) 



where [i\ and [12 have the same values as in Eq. (5.8) except for spin-dependent effects that can be parametrized 
explicitly. Finally, we obtain the decuplet moment interaction 



£-ii,tt = Tfc/ji • (2J • B) iift'k Tyfc = 3T a -k'ji /ife'fc S u e l,aXp F a \v p T^ k 
where, again, fix and fi2 have the same values as in Eq. (|5.8|). 



(5.11) 
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B. Two and three-body operators 



The usual coun ting of the chiral invariants for the octet magnetic moments gives nine structures to first order in 
the quark masses po[|l6| , namely 



TtBQB, TrBBQ, TrBQMB, Tr BBQM, Tr BQBM, 
Tr BMBQ, TrMTxBQB, TrM TrBBQ, TrMQTrBB, 



(5.12) 



where we have suppressed the factor cr^F^ acting on the field B. In dealing with the one-body operators, we 
encountered only the invariants Tr BQB and Tr BQMB. We will show here that the remaining seven invariants, and 
a tenth invariant that distinguishes octet and decuplet moments, arise naturally when we consider two- and three-body 
operators at the quark level. Our discussion will also suggest the relative importance of the new invariants. 

It will be useful to adopt a compressed notation in which we show the structure of the matrix elements in a form 
that can be used for either the octet or the decuplet. Thus, corresponding to the structure in Eq. (5.1), the basic 
one-body moment operator will be denoted by 



(5.13) 



where Qi and ai = cry B are taken to act on quark I in diagonal or mixed matrix elements between J3's and T's with 
all indices contracted. Any flavor index that is not attached to a Q or M is accompanied by an implied unit matrix 
1. Thus, for the octet, 



J2i Qi°i — ► B > 



k'j'i' 



(Qi 



•) B 



ijk- 



(5.14) 



Upon evaluating the spin matrix element of the er's, we obtain the effective moment operator in Eq. (5.2). Multiparticle 
operators are to be evaluated simlarly by applying the the indicated operations right-to-left on the fields in the effective 
operators, with matrix products assumed when the same flavor index appears in a product such as MiQi. 
The invariants we will consider are given in this notation by 



a. 


J2i QiVh 


(5.15a) 


b. 




(5.15b) 


c. 


(Mi + Mj + Mfc) Ez Qm + Ez Qm (Mi + m 3 + M k ), 


(5.15c) 


d. 


(Qi + Qj + Qk) (<Ji + <Jj + o-fc), 


(5.15d) 


e. 


(QiMi + QjMj + Q k M k ) (<T t + o-j + a k ), 


(5.15e) 


/■ 


(Qj + Qk) M t Ui + M t Oi (Qj + Qk) + permutations, 


(5.15f) 


9- 


(QjMk + QkMj) <Ji + permutations, 


(5.15g) 


h. 


(Mj + Mk) <Tj -(Tk <JiQi + permutations, 


(5.15h) 


i. 


[(Q 3 + Qk) (Mj + M k ) + {Mj + M fe ) (Qj + Q k )] o-j o-k a z + permutations, 


(5.151) 


J 


{cTi-CTj + CTj-CTk + <Tk-<Ti, •}, 


(5.15j) 



where • in (j) is any of the invariants (a)-(g). 

It is useful in interpreting these invariants to recall that the baryon moments obtained in dynamical models such as 
that of Brambilla et al. [Q appear as sums of single-particle moments /Xi (eCh/2Ei) where Ei is the kinetic energy of 
quark i, plus a set of Thomas precession terms P9f . This is shown in detail in |2| in a quenched approxim atio n to QCD. 
The existence of the Thomas terms follows in the context of the semirelativistic Hamiltonian in Eq. ( |3.9[ ) from the 
replacement of Pi in by Pi — eQiA, with A the vector potential for the stati c ma gnetic field B. The diagonal Thomas 
precession terms are associated with the spin-same-orbit interaction in Eq. (3.9), and give a multiplicative correction 
to /li. The two-body spin-othcr-orbit terms introduce new, nonadditive structure, and are important in improving 
the simple quark-model fits to the moments ||. These terms are proportional to the short-distance spin-dependent 
part of the potential of order a s divided by EiEj, so are expected to be small. 

In the presence of symmetry-breaking mass terms, the dynamical matrix elements in the /ii differ from those in 
the symmetrical limit. There is a direct change associated with the change in 1/Ei w 1/m, with the effective mass 
of quark i. There are also indirect changes associated with the effects of the quark masses on the baryon wave 
functions. The Thomas terms are changed similarly, with new two-body components associated with changes in the 
factor 1 j 'EiEj with respect to the masses mj and rrij, and a three-body component that reflects the dependence of 
the matrix element on the mass of the third quark. Finally, all of the preceding matrix elements are modified by the 
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changes in the baryon wave functions caused by the spin-spin interaction in the Hamiltonian. In the equal-mass limit, 
these corrections, expected to be quite small, distinguish the effective octet and decuplet moments. They contribute 
further terms with the same structures as ab ove fo r uneq ual masses. With this backgound, we can interpret the 
contributions to the baryon moments in Eqs. ( 5.15a )-( 5.15j ) dynamically. 

The invariant (a) gives the baryon moments in the symmetrical limit in the absence of spin-dependent forces as 
already discussed. The second one-body term (b) corrects for the dependence of the dynamical matrix element on 
the symmetry-breaking mass of the quark in question, that is, the change of < 1/Ei > with rrii in the model. The 
invariant (c) includes the indirect first-order corrections from the effects of the other quark masses on the matrix 
element, and begins to introduce a dependence of the effective moment of the quark on its environment. We expect 
these corrections to be smaller than the direct correction (b). 

The term (d) arises from the Thomas terms in the symmetrical limit, and is independent of M. It corresponds at 
the quark level to the two-body interaction 



{qiQivQi') {q P &- Bq p /). 



(5.16) 



We can evaluate matrix elements of this operator directly as in Sec. [II D and convert the results to effective baryon- 



level operators. Alternatively, a simpler calculation based on Eq. ( |5.15d ) and the observation that CTj 
the total spin operator, so acts only on the spinor index of B or T, gives the structure 

(Bk'ji Qk'k& Bijk + Bkj'i Qj'jC Bijk + Bkji' Qi'i<y Bijk ) • B 



a k is 



(5.17) 



for the effective octet operator. The result for (e) has the same structure with Q — * QM, reflecting the corrections to 
the Thomas terms associated with t he ma ss of the quark that couples directly to the magnetic field. 

Converting the expression in Eq. (5.17) and its analog for Q — » QM to matrix form, we obtain the pure F-type 
interactions 



Tr B[Q,B], Tr B[QM,B]. 



(5.18) 



While F-type invariants already appear in the additive or one-body octet quark moments in Eq. ( p.8[ ), they are 
accompanied by specific D-type and double-trace terms. As a result, the pure F-type contributions from (d) and (e) 
depart from the additive model. The off-diagonal parts of (d) and (e) are two-body rather than one-body operators, 
so additivity is lost. 



The two-body invariant (/) and the three-body invariant (g) in Eqs. (5.151) and (5.15g) give additional quark-mass 
corrections to the Thomas terms, (/) from the direct mass correction for the quark whose spin is involved in the 
interaction, and (g) from the indirect effect of the third quark on the ma trix elements, (h) and (i) describe the effects 
of the mass-dependent parts of the spin-spin interactions given in Eq. (4.9) on the matrix elements for the leading 



(a) and (d) terms, taken to first order in M. We have dropped further terms which involve {{Mi + Mj) (Ti-CTj, Qi<Ti}, 
{(Mi + Mj) <Ti-<Tj, (Qj + Qk)oi}, and permutations in writing (h) and (i). These terms, while present, reduce to the 
previous structures. Because the leading moment matrix elements involve averages over the entire baryon, while the 
spin-spin terms are weak and of short range, we expect (h) and (i) to be unimportant. 

The last invariant, (J), represents the effect of the symmetrical part of the spin-spin interaction on the moment 
matrix elements through changes in the baryon wave functions. This invariant induces an overall multiplicative change 
in the decuplet matrix elements relative to the octet matrix elements, the operator f»v<Xj + aycr^ + er^-er^ having 
the value ±3 on decuplet (octet) fields. This affect should again be quite small, and is irrelevant in the absence of 
precision measurements of the decuplet moments. 

It is possible to put all of the octet effective operators in matrix form, but the results are cumberso me an d not 
especially illuminating. We note only that that (a)-(e) already involve all the standard structures in Eq. d5Ti| , but 
not with completely independent coefficients. That independence is provided by (/)-(«)• 

We conclude by noting that the remarkable success of the additive quark madel in describing the octet baryon 
moments follows directly from the relative weakness of the spin-spin interactions seen in dynamical models. Our 
results here are independent of the detailed dynamics as far as the structure of the moments in relativistic effective 
field theory is concerned. However, dynamical information is clearly very useful in anticipating the importance of 
different chiral structures, and in interpreting those structures in a way that is obscured in the obscured in the usual 
matrix representations. 



VI. CONCLUSIONS 

Our objective in this paper was to demonstrate the advantages of using the three-flavor-index representations B^ k 
and for the octet and decuplet baryon fields in HBChPT. We have considered only the leading terms in the 
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momentum expansion and the first-order corrections in the symmetry-breaking quark mass m s . We will extend the 
analysis to loop corrections in a separate paper, where we will show that their apparently small effect on fits to baryon 
masses and moments in HBChPT is a consequence of the structure of the theory [§,[|. However, we have already 
obtained a number of useful results which we think demonstrate the advantages of the method despite its lack of 
familiarity and the somewhat more complex calculations involved. 

We find, for example, that the SU(6) relations for meson-baryon couplings and baryon masses and moments appear 
automatically at leading order in the momentum expansion and 0(m s °) in the masses if the effects of spin-spin 
correlations or interactions are neglected. The SU(6) relations are broken by spin-spin interactions which introduce, 
among other effects, a decuplet-octet mass splitting. They persist approximately for real baryons because the spin- 
dependent interactions are short-ranged and perturbatively weak as seen in successful dynamical models [^|^J^] . The 
simple connection of the three-flavor-index form of the chiral expansion to the underlying dynamics is the key to this 
interpretation. It is obscured in the usual matrix representation of the octet fields, in which the approximate validity 
of SU(6) relations in the chiral expansion appears to be accidental. 

We found also that the terms in the new chiral expansion for the baryon masses have a structure identical to that 
assumed in the NRQM even though we are dealing with a relativistic effective field theory. This correspondence, 
which holds through 0(m s ), is essentially kinematical. We are dealing with the most general description of the spin 
and flavor correlations in the chiral matrix elements, and this structure is the same as that modeled in the NRQM. 
The connection goes somewhat further. The internal structure of the baryon is averaged out in matrix elements at 
leading order in the momentum expansion. The residual quark degrees of freedom move with the heavy, nonrelativistic 
baryon in HBChPT, hence appear as "nonrelativistic" constituent quarks. 

In the case of the baryon moments, we understand the striking success of the additive quark model as resulting from 
the dominance of the one-body operators in our expansion over the nonadditive two- and three-body operators. The 
latter are again proportional perturbatively to the relatively weak spin-spin interactions. The separation of one- and 
more-body operators is also the key to understanding the detailed structure of loop corrections in the chiral expansion 
P,|]|j|. We believe this method should be quite useful in the analysis of HBChPT in more general situations, and 
provide physical interpretations of the terms which appear through the connection with dynamical models. Some 
obvious applications include the analyses of the strong baryon- meson couplings beyond the symmetrical limit, of the 
structure of the weak currents, and of low-energy scateering amplitudes. 
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